(M, ω) symplectic manifold of dimension 2n, need not be compact, might have non-empty boundary.
Is said to satisfy Hard Lefschetz Theorem if
is onto, for all k ≥ 0.
Example. Closed Kähler manifolds.
Example [Thurston] . g nilpotent Lie algebra with base {e 1 , e 2 , e 3 , e 4 }, [e 1 , e 2 ] = e 3 , [e i , e j ] = 0 otherwise. Λ co-compact lattice in corresponding simply connected Lie group G. N := G/Λ is closed symplectic manifold which does not satisfy Hard Lefschetz Theorem.
Example [McDuff] . N → CP 5 ,X blow up along N .X is a closed, simply connected symplectic manifold which does not satisfy Hard Lefschetz Theorem.
: Ω k (M ) → X k (M ) graded algebra isomorphism. Libermann introduced symplectic star operator:
, space of harmonic cohomology classes, those having representatives α with dα = δα = 0.
, and t.f.a.e.:
2. M satisfies Hard Lefschetz Theorem.
Questions.
• How to compute harmonic Betti numbers
• What sort of Poincaré duality on H * 0 (M )?
Have Ω * m (M ) ⊆ Ω * m+1 (M ) and
and if
Corresponding Poincaré polynomials
Theorem. Suppose M is a 2n-dimensional closed symplectic manifold and m, k ∈ Z. Then the well defined bilinear pairing
Theorem. Suppose M is a 2n-dimensional closed symplectic manifold. Then the well defined bilinear pairing
is non-degenerate. It is symmetric for k even and skew symmetric for k odd. Particularlỹ
Proposition. Suppose M 1 and M 2 symplectic manifolds with finite dimensional cohomology. Thenp
Example. N Thurstons nil-manifold. Theñ
So N × CP 1 has a non-harmonic class in dimension 3.
g := sl(2; R) with base {e, f, h} and relations
h ⊆ b ⊆ g, base {h} resp. {h, e}.
V h category of h-modules which have decom-
Let R k denote b-module with base {z} and action hz := kz, ez := 0.
For V ∈ V b we write V ∈ V g if b-module structure extends to g-module structure. The later then is unique.
Proposition [Mathieu] . Suppose V ∈ V b . Then:
1. There exists a unique filtration by submodules V m of V , such that V m = 0 for m small enough, V m = V for m large enough and
3. V ∼ = m∈Z V m /V m−1 and in this decomposition V m = m≤m Vm/Vm −1 .
with base {f, δ, h, d, e} respectively.
V a category of a-modules with underlying hmodule in V h . For V ∈ V a we get
Proof of Künneth theorem. Künneth theorem yields b-module isomorphism:
And thus
Proof of Poincaré duality. Isomorphism
of b-modules. Lemma above gives
well defined and non-degenerate. Write
where Q l direct sum of g-representations with highest weight l.
Q l orthogonal to Q l with respect to pairing Example. M ⊆ CP n , codimension 2k symplectic submanifold.
X, the blow up of CP n along M .
McDuff constructed symplectic form onX.
One can show pX m (t) =p CP n m (t) +p M m (t)(t 2 + · · · + t 2k−2 ). Herep 
